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Abstract

This paper addresses the robust stability analysis of some

bilateral teleoperation control scheme subject to various
constant and/or time-varying delays in the communication
channel.

The stability conditions are derived usinfgequency-
domain techniques. More specifically, in the case of
constant delays, the stability regions of the systems’ pa-
rameters are completely characterized.

Finally, the analysis is extended to the case of time-varying
uncertain delay, and we derive sufficient (closed-loop) sta-
bility conditions.

1 Introduction

A basicteleoperation systewonsists of &lave devicand

a master device The master iglirectly manipulatedoy a
human operatagrand the slave is designed to track the mas-
ter closely. The main purpose of such a master-slave confi-
guration is to manipulate the environment (or space) gene-

rally inaccessible to human operators, such as hazardous

environment. Such systems are often known bdaeral
teleoperatorsystems.

Time delay plays an important role in the teleoperation sys-

tems. Due to the physical distance between the master and
slave, as well as the signal processing, the communications

involve significant delays. Another source of delay is the
reaction of the human operators. In this chapter, we will
discuss the effect of the communication delays (constant or
time-varying) on the closed-loop stability of such systems.

In this context, we are interested in characterizing the way

that delays change performances in communication chan-

nels connecting the master and slave sibiateral teleo-
peration). It is well known that thepassivityof the chan-

nel (see, e.g., [1,6, 17,18, 24]) may be used to guarantee
desirable characteristics for the closed-loop schemes (see

also [10]). The techniques proposed to perform such an
analysis use the scattering transformation [1] or the wave
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variable transformation [17, 18], if the delays are assumed
constant. The case of time-varying or distributed delays
was considered in [11, 19] using the wave transformation
approach and in [14] but under some assumptions on the
delay variation.

Consider the following equations widely used to describe
the dynamics of teleoperators [1,11].

M@ () + B (t) = Fi(t) — Fo(t)
{ Mis(t) + Bsiis(t) = Fy(t) — (1+ ap) Zeds (),

)
where z, M, B are the velocities, inertias, and damping
coefficients, respectively. The subscriptsand s denote
the corresponding quantity is of the master and the slave,
respectively. The inpufj, denotes the operator force or
torque, andZ, is the environmental impedance. The quan-
tity F is the force or torque applied to the slave transmitted
from the master, anfi,,, is the force on the master fed back
from the slave.

For an explicit stability analysis, see [6] for various
frequency-domain techniques (see also [12]), and [2] for a
Lyapunov functional approach. For delay-independent sta-
bility, the approach proposed in this paper is simpler than
the one proposed in [6], and the derived conditionsnare
cessary and sufficienand in ananalyticalform.

For delay-independent stability, the main idea is to use a
frequency-domain method based on the Tsypkin's crite-
rion [5,12]. For frequency-sweeping tests applied to va-
rious control systems, see, for instance, [3]. Various dis-
cussions and comments related to such techniques can be
found in [12]. Such an approach was used in [20] for
the closed-loop stability analysis of a simple teleoperation
control scheme, where delay-independent/delay-dependent
stability conditions were derived under the assumption of
symmetric delays in the channels (= » = 7). The ap-
proach considered here follows the lines of the approach
mentioned above, but it includes also the extension to the
case when the delay is assumed to be time-varying.

As in [11], consider the control law described by the follo-
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wing equations

0= K [ Goualt) ~ 22000
§ Boliaalt) — 4(1)), @
~ K, / Fn(t) — ma(£))d0
§ Balin(t) — ). e

Due to communication delays, the most recently available
information is used instead, that is, we choose,

i’sd(t) - i’m,(t - (4)
i‘md(t) = I (t - (5)

wherer; andr; are the delays in the forward and feedback
communication channels, respectively.

As mentioned above, we are interested in first finding-
lytical conditionson the system’s parameters such that the
closed-loop system is asymptotically stable for arbitrary
communication delays. For those parameters which do not
satisfy such delay-independent stability conditions, we will
find the correspondindelay intervalsuch that the closed-

Tl)a

T2),

loop system is stable. Furthermore, we are also interested

in finding conditions for which there is only one delay in-
terval, and computing the correspondiogtimal bounds

A similar problem, but only with constant and symmetric
time-delays £, 72), was considered in [20].

In the case of time-varying delay uncertainty, the idea is
to construct an appropriate fictitious transfer function such
that the stability of the original closed-loop scheme is re-
duced to some K-norm property of the corresponding
transfer. To the best of the authors’ knowledge, such an
approach was not considered in the bilateral teleoperation
case.

The paper is organized as follows: Section 2 is devoted
to the stability analysis of the closed-loop system using
frequency-domain techniques. Constraints on the control-
ler's gainK ; and ‘damping’B;; will be given such that the
closed-loop scheme is asymptotically stabidependent

of the communication delaysNext, thedelay-dependent
stability of the closed-loop system will be considered. Sec-
tion 3 discusses the case of time-varying delays. Some

concluding remarks end the paper. The notations are stan-

dard.

2 Stability Analysis for Constant De-
lays

2.1 Problem setup

Carrying out the Laplace transform (under zero initial

conditions) of the closed-loop system, using the velocities

v (t) = &m(t) andovs(t) = @4(t) as the system variables,
we obtain

M, sV, (s
M;sVs(s)

+ B, Vin(s)
s S(S)

= Fu(s) = Fn(s),
Fo(s) = (1+ ay) ZeVi(s),
(6)

)+
+

K+ Bsas ., K, + Bgos
Fy(s) = == TV (s) = == Vi(s).
(7)
K, + B, Ky, + Bimas
Fou(s) *8 QSVm(s)f%e 5V, (s).
(8)

Using the control laws (7) and (8) in the second equation
of (6), with the notatiorB, = B, + (1 + ay)Z., it follows
that:

K, + B, _
Vi(s) = SRl e Vu(s), (9)
M;s? + (Bs + Bg2)s + K
Let T = 7y + 72, and use the following notations:
I'1(s) = Bs2s + K : slave torque, (10)
I'y(s) = Mys + By : slave, (11)
Is(s) = M,,s + B, : master, (12)
T4(s) = Bmas + K,, : master torque, (13)

we obtain from the first equation of (6) and (8)
Tr ,
Vi (8)T3(s) = Fy(s) + @ (€7 Vy(s) — Vin(s)) .
Using (9) in the above, we obtain
Mﬂg,<wxﬁ+r4$_efs T4(s)Ts(s)

s s(T1(s) + SF2(S)))
(14)

= Fu(s)
Therefore, the transfer function frof), to V,,, is given by:

1

(sT3(s)+T4(s)) (1 _ € TET4(s)(s) ) '
s Iy (s)+sT2(s) (6F3(3)+F4($))
(15)
Furthermore, based on the formldf(s), the transfer func-
tion from F}, to V; is given by:

Hl(s) =

KS —+ le.S
(Bs+ Bg1)s + K,

HQ(S) :Hl(S) TS

M,s? +
(16)

Since My, B,, Bg1, Ky, o, Z. are positive real numbers,
H,(s) and Hs(s) share the right half plane poles. The-
refore, to study the stability of the closed-loop system, it
is sufficient to study the stability of the transfer function
H,(s). Or, equivalent, one needs only to study the distri-
bution of zeros of the expression:

F4(S)F1 (8) 1
I'1(s) + sT2(s) (sT's(s) + Ta(s))
We will first study asymptotic stability of the closed-loop
system when it ifree from delaysin this case, the zeros of

the characteristic function (17) becomes those of the third-
order polynomial:

P(s) = sa(s)T'3(s) + T3(s)T'1(s) + Ty(s)'y

— TS

17

(s). (18)



Using the Routh-Hurwitz stability criterion (see, for
example, [8]), it follows that the system free from delays
is asymptotically stable if and only if the following inequa-
lity holds:

K, K, BnBs By(Bmn2+ Bn)
M, M, MM, MMy,
BsQ + Bs Bm2 + B’m
M My,
KBy, + ngs
_. 19
ML (19)

It is not difficult to show that (19) is always valid for all
positive parameters. Therefore, as expected, if the sys-
tem is free from delay, the controller (2)-(5) guarantees the
asymptotic stabilityf the closed-loop system.

2.2 Delay-independent stability

The next step is to find the conditions under which the sta-
bility in the closed-loop systems is guaranteeddidiitrary
communication delays, andr,. First, under a certain pa-
rameter constraint, we will find necessary and sufficient
conditions for stability. Next, we will provide simplesuf-
ficient condition easy to use in practice.

Theorem 1 Assume the feedback gaifs, and K, By,

and B, are positive constants. Then the closed-loop sys-
tem is asymptotically stable for all communication delays
71, T2 ifand only if,vw > 0:

Ly(jw)T (jw)
[ (jw) + jwla(jw)

Proof: In view of the form of H; (s), sincesI's(s) 4+ T'4(s)
is Hurwitz stable, it follows that the stability of the closed-
loop system (1)-(5) is equivalent to the stability of the unit
feedback closed-loop system with the open-loop transfer
function

T4(s)C1(s)

Ho(s) = (sT'3(s) 4+ T4(s))(T1(s) + sTa(s))
)

Since(sI's(s) +T4(s)) (1 (s)+sTa(s)) is Hurwitz stable,
and H,(s) is strictly proper forr = 0, then we may ap-
ply the Tsypkin’s criterion, and the condition (20) follows
directly.

Note that forw = 0,

| )T3(jw) +Ta(jw) [> - (20)

e 7. (21)

Iy (jw)T1 (Jw)
[ (jw) + jwlz(jw)

Furthermore, if (20) is verified fav > 0, then the same in-
equality holds fow < 0. The condition (20) in Theorem 1

is a simplefrequency-sweeping tettat can be easily per-
formed if the parameters of the system and the controller
are given. To obtain a even simpler criterion than (20), in-
troduce the notation

jwl's(jw) + Ta(jw)| =

m

Ly (jw)l' (jw)
K’maBm astBS = su
ol 2 2) w>% I (jw) +ij2(Jw)(22

which depends continuously on the controller's parameters
Ky, Bino, Ky, Bso (they are all real and positive). Then,
we have the following natural corollary:

Corollary 1 The closed-loop system is asymptotically
stable for arbitrary communication delays, = > 0 if the
controller gains K, K,,, and the “damping coefficients”
Bso, B,,» are chosen to satisfy

(Bm + Bm2)2
2M,,
'Y(st Bs27 Kma BmQ) <K,

K < (23)

(24)

Proof: The result is a straighforward from Theorem 1: The
condition (23) ensures thatjwl'3(jw) + Ty(jw) | is a
strictly increasing function ofv, which implies K,,, <|
jwl's(jw) + T4(jw) | for allw > 0. Therefore the condi-
tion (20) is implied by (24).

As given in the next Proposition, the condition (24) can be
written out explicitly.

Proposition 1 The closed-loop system is asymptotically
stable for all communication delays, > 0, if the
controller’s parameters satisfy:

M,K?2, BZ%,B2, B\’
s < s2 _ _
Ko< = (JHMQKQ ((1+BSQ> 1) 1)
(25)
BSQBm
K > =307 (26)
K < 2200 @27)

Proof: We will show that (25) and (26) is necessary and
sufficient condition for (24), which will be sufficient to
complete the proof. Define

f:0,00) — (0,00)

Ly(jw) [* - [ T1(jw) ?

Jh = || ' (jw) + jwl2(jw) ||2' (29)
Then, f(w?) is in the form of
) = K3, W
where the denominator
dw* +ew? +1 > 0forall w? > 0 (29)

Therefore, the equation (23), or equivalentfyw?) <
K2, is equivalent to

aw* +bw? +1 < dw* + ew? + 1forall w? > 0
in view of (29). But the above is satisfied if and only if

a<d
b<e

(30)
(1)



With the specific parameters substituted, (30) reduces to
(26). The condition (31) is a quadratic inequality B,
which is satisfied if and only if (25) is satisfied in view of
the fact thatk, is positive.

Remark 1 (Tuning parameters) Proposition 1 above
gives a very simple way of constructing the controller
(1) such that the closed-loop system is guaranteed to
be asymptotically stable for all communication delays
T1, T2 Z 0

2.3 Delay-dependent stability

If (20) is not satisfied for allw > 0, the conditions for
Theorem 1 do not hold, and there must exist delays such
that the system is unstable. Since the system without delays
is asymptotically stable, there always exists one or more
intervals of delay such that the system is asymptotically
stable. We are interested in finding the maximain> 0

such that the system is asymptotically stable forrak

[0, 7*). This can be carried out by solving the equation

’ . , _ [y(jw)l (jw)
| Gels(G) + Tali)) = |5 00 T Tl () (

32)
This equation can be reduced to a third order polynomial
equation of the variable?, and formulas are available to
express the solutions explicitly (see, for example, [22]).
Clearly, since (20) is not satisfied for all > 0, and it is
clearly satisfied for sufficiently large, the equation (32)
has at least one real positive solution. Let all the real po-
sitive solutions be denoted as, i = 1,2,...,m. Clearly,

1 <m < 3. Then, we can conclude:

Theorem 2 (Switch characterizations)If (20) is not sa-
tisfied for allw > 0, let
7% = min min
1€Z 1<i<m
La(jw)ls (jw) )
+ Ta(jw)) (jwl2(jw) + T (jw))
(33)

Wi

{L"g ((jwrs )
2rl] > 0,

where “Log” denotes the principal value of the logarithm.
Then, the closed-loop system is asymptotically stable for
all 7 € [0, 7%).

Proof: As discussed above, the equation (32) has one to
three real positive solutions. If and onlydfis a real po-
sitive solution, there existsasatisfying the characteristic
equation

T4(s)T'1(s)

T'y(s) + sTa(s) =0

(sTa(s) + Ta(s) —e ™

for s = jw, some simple but tedious computations lead to
the smallest > 0in (33). Specific discussions on deciding
the stable delay intervals are very similar to [16].

3 Time-Varying Uncertain Delays

Introduce the vector of state variables= [z, ..., 74]7,
where
t
x1(t) :/ Um (0)dO, x2(t) = vy (t) (35)
0
t
2a(t) = / va(0)d0, za(t) = vo(t)  (36)
0

Then, the closed-loop system described by (1) to (5) can be

written as

#(t) = Ax(t)+Brx(t—71)+Box(t—12)+Bs F),(t) (37)

where:
0 1 0 0 ]
K Bm+Bm
e :
0 0 71{({2 7(Bs+352j\-/;51+af)ze) |
0O 0 00 00 0 0 ]
Km  Bm
o 0 0 0 0 By — 0 0 = 32
0O 0 0 0] 0 0 0 0
Ks Bs
A Ms2 0 0 0 0 0 0 |
(39)
andB;=[0 1 0 0]"

In the sequel, we will consider the case that the time-delays
71 and r, are subject to time-varying uncertainties. Let
01(t) andd,(t) be continuous time-varying bounded func-
tions with bounded derivatives,

0<8i(t) < e 6i(t) <pi,0<p; <1 i=12 (40)

With the delay uncertainty, we write the system as follows:

l‘(t) = Al‘(t) + le(t —T1 — (51 (t)) + Bg.l?(t — T2 — 62(t))

(41)
We have also omitted the human input tef since it
does not affect the stability analysis in the state-space form.
Although not considered here, it is also possible to alipw
to assume both positive and negative values with potential
further reduction of conservatism, see [7]. Equation (41)
can be written as:

#(t) = Az + Byz(t — 71) + Box(t — 72)

o9
—B/ —x(t — 7 +6)do
' —51(75)86( ' )

0 0
—B/ —x(t — 19 + 0)do
¥ =LA

(42)

Use (41) for the termgz(t — 71 +60) and 2z (t — 72+ 6)
in the above equation, (known as the model transformation)
and let

0
ui(t) = A/4 o x(t— 71+ 0)do (43)

0
uz(t) = A,/_(; o x(t — 12+ 6)do (44)



0
’LLQ(t):BQ/ x(t771+077'2752(t771+9))d9
751@)
(45)
0
U4(t):.81/ 5L'(t*7'2+0*7’1751(t772+9))d9
752@)
(46)
SinceB; By = By By = 0, we can write (41) as :
CC(t) = Az + le(t — 7'1) + B2llf(t — 7-2) — Blul(t)
—Bﬂlg(t) — BgUg(t) — BQU4(t)
(47)

Assuming zero initial conditions, we will estimate the

gains fromz to u;, i = 1,2,3,4. Itis useful to define
vi(n) =n—0:(n), i =1,2. Then,

n—e <vi(n) <n

Also, sincedv;/dn = 1—=148i(n) > 1—p; > 0,1, isa
strictly increasing function, the inverse functign= n(v;)
is well defined, and

o _ 1 o1

Ov;  1-=6i(n) — 1—p;
Furthermore, due to the range &f we can easily verify
that

vi <n(vi) <vi+e
Using Jensen’s Inequality [23] [7], we can show that:

/O T () ua(€)de

t 0
< [a@lf @l nBl
0 —d2(8)
BizT (1 (€ — o 4 0) — 71))df)d¢  (51)
Change integration variable frofnto i, with y = v, (€ —
7o + 6) — 1. Then, we have
0
/ et (1(& =m0 +6) —71)B] -
—d2(8)

B]_.’I,‘(V]_ (6 —To + 9) - T])d9

§—Ta—T1 1
< / " ()BY Bia(u)du (52)
E—To—e2—E1—T1 I—m

Therefore,

€1+ e2)en

|t @uiteae < &
0

Similarly, we can show

. ||Bl|\2/0 e () () dp

(e1 + e2)e1

| @ < S B [ ety

With a simpler procedure, we can also show
t t
| @i < AP [ o Wt
0 0

/ ul (€)us(€)de < 3]/ A|? / o7 () () dp
0 0

With the above discussion, we can write the system descri-
bed by (47) and (43)-(46) as

z(t) = Azx(t) — Brz(t — 11) — Baz(t — 72) + Bu

yi(t) = c;x(t), 1=1,2,3,4 (54)
where
u(t) = [uf (t) ug () ug (t) ug ()]
B = B, B, B; By
and
€1+ €e2)e
e =allAll, o= 25 @)
P2
€1+ €&2)€
e =illdll, e = [ EEE 2 p g
!

with feedbacku; (t) = Ay (t), 1<i<4.
With the definition ofu; andc;, it can be easily shown that
the gains of the dynamic operatdyr; is bounded byi.

Theorem 3 The closed loop system is uniformally asymp-
totically stable for any time-varying delay uncertainty
0;(t), i = 1,2,3,4, satisfiying (40), if there exist scalars
;1 =1,2,3,4 such that

IAH (jw)A™ o <

€mazx

whereA= diag (a1 I,,, .., @41, ), and

CIIn
coly
CSIn
C4In

H(s) = (sI — A+ Bje ™° + Bge_”s)_lé

(58)

Proof: Use the small gain theorem, as discussed in Chapter
8 of [7].

4 Concluding Remarks

In this chapter, we have been interested in the closed-loop
stability of some simple bilateral teleoperation scheme in

the hypothesis of the existence of some communication de-
lays. A frequency-domain approach was used to perform
the stability analysis in terms of delays. The main advan-

tage of the derived method lies in its simplicity.
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